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Coarse-graining and collective variable discovery
mschoeberl@gmail.com

Why coarse-graining?

• Overcome spatiotemporal
limitations.

• Reveal physical insight from
reduced representation.
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Why coarse-graining?

• Overcome spatiotemporal
limitations.

• Reveal physical insight from
reduced representation.

Which set of collective variables (CVs)
captures resilient and parsimonious
features of atomistic systems?

• Relevant coordinates are
highly clustered around a set
of lower dimensional
collective variables. [ban (2017),

Chen and Ferguson (2017)]

• Vast combinatoric
possibilities for choosing CVs.
[Chakraborty et al. (2018)]
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Motivation
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Questions we address

• How to learn a predictive coarse-grained representation
• in the small data regime and
• in absence of any data?

• How to identify good CVs?
• What are good CVs?
• Are identified CVs physically interpretable?
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Problem definition - Equilibrium statistical mechanics
mschoeberl@gmail.com

Atomistic model

ptarget(x) ∝ e−βU(x)

• x ∈ M: atomistic
coordinates

• U(x): atomistic potential
• Observables:
Ep(x)[a] =

∫
a(x) p(x) dx

Coarse-grained representation

z = R(x), dim(z) << dim(x)

• z: reduced CG / collective
variables.

• R: mapping operator
(mapping to CG variables).
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Overview - Coarse-graining
mschoeberl@gmail.com

Data-driven
Simulate sufficiently long reference governing
equation and obtain (limited) data approximating
ptarget(x). [Shell (2008), Katsoulakis and Trashorras (2006),

Trashorras and Tsagkarogiannis (2010), Noid (2013), Brunton

et al. (2016), Wehmeyer and Noé (2018)]

Data-augmenting approach
E.g. enhanced sampling, learning based on
consecutively gathered insight. [Laio and Parrinello

(2002), Darve et al. (2008), Bilionis and Koutsourelakis (2012),

Ferguson et al. (2011), Ferguson (2017), Chen and Tuckerman

(2018)]

Embedded-Physics approach
Instead of simulating the target (based on known
U(x)), directly incorporate physical constraints at
our disposal, e.g. potential/force field. [Noé and Wu

(2018)]
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Data-Driven Coarse-Graining



Methodology - Probabilistic generative model
mschoeberl@gmail.com

Introduce q(z) and q(x|z): q(z)︸︷︷︸
CV

q(x|z)−−−→ q(x) =
∫
q(x|z) q(z) dz [Schöberl, Zabaras, and

Koutsourelakis (2017)]

z ∼ q(z)

Generate / Decode
x ∼ q(x|z)

Which latent CVs z give rise to observations x(i)?

Data x(i) ∼ ptarget(x)

CV

Latent

Observed
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Methodology - Probabilistic generative model
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Introduce q(z) and q(x|z): q(z)︸︷︷︸
CV

q(x|z)−−−→ q(x) =
∫
q(x|z) q(z) dz [Schöberl, Zabaras, and

Koutsourelakis (2017)]

z ∼ q(z)

Generate / Decode
x ∼ q(x|z)

Which latent CVs z give rise to observations x(i)?

Data x(i) ∼ ptarget(x)

CV

Latent

Observed

Encode x with
qp(z|x) = q(x|z)q(z)

q(x)
Code / Dictionary
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Methodology - Learning from data
mschoeberl@gmail.com

Parametrize q(z|θ)︸ ︷︷ ︸
Model for CVs.

q(x|z; θ)︸ ︷︷ ︸
Probabilistic mapping given CVs to atomistic coordinates.
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Methodology - Learning from data
mschoeberl@gmail.com

Parametrize q(z|θ)︸ ︷︷ ︸
Model for CVs.

q(x|z; θ)︸ ︷︷ ︸
Probabilistic mapping given CVs to atomistic coordinates.

Data-driven approach: Minimize

DKL (ptarget(x)||q(x)) = −
∫
ptarget(x) log

q(x)
ptarget(x)

dx

equals maximizing marginal log-likelihood of the data set
X = {x(i)}Ni=1:

log q(x(i), · · · , x(N)) =
N∑
i=1

log q(x(i)).
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Methodology - Learning from data
mschoeberl@gmail.com

Stochastic Variational Bayesian approximation
The log-likelihood is decomposed into: [Beal and Ghahramani (2006); Kingma

and Welling (2013); Rezende et al. (2014)]

log qθ(x(i)) = L(θ,ϕ; x(i))︸ ︷︷ ︸
variational lower bound, since DKL ≥ 0

+DKL(rϕ(z(i)|x(i))||qP(z(i)|x(i)))︸ ︷︷ ︸
≥0

log qθ(x(i)) ≥ L(θ,ϕ; x(i)) = − DKL(rϕ(z(i)|x(i))||qθ(z))︸ ︷︷ ︸
Regularize ϕ, such that rϕ(z(i)|x(i))
in aggregation is close to qθ(z).

+Erϕ(z(i)|x(i))[log qθ(x
(i)|z(i))]︸ ︷︷ ︸

Expected neg. reconstruction error.

with the approximate posterior rϕ(z(i)|x(i)), e.g. a distribution of the
exponential family and parameters ϕ.

Discovery of CVs as approximate Bayesian inference, i.e. identify
the code/dictionary rϕ(z|x). [Schöberl, Zabaras, and Koutsourelakis (2019)] 7



Methodology - CV discovery as VI
mschoeberl@gmail.com

• MLE estimate
max
ϕ,θ

L(θ,ϕ; X)

• MAP estimate
max
ϕ,θ

L(θ,ϕ; X) + log p(θ)︸ ︷︷ ︸
log−prior

• Approximate posterior of decoding parameters θ, p(θ|X), with
Laplace approximation.

θMAP

Gaussian

Exact

Figure 1: Laplace approximation:
q(θ|X) ≈ N (µ, S)

• q(θ|X) ≈ N (µ, S)
• µ = θMAP

• S−1 = − ∂2L(θ,ϕ;X)
∂θk∂θl

− ∂2 log p(θ)
∂θk∂θl
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Numerical Illustration - Alanine dipeptide
mschoeberl@gmail.com

Simulation details

Figure 2: ALA-2 peptide with
indicated dihedral angels.

• 22 atoms→ dim(x) = 66 in implicit
solvent [Still et al. (1990)] .

• AMBER-FF96 force field [Salomon-Ferrer

et al.] with Andersen thermostat at
T = 330K and ∆t = 1 fs.

• Equilibration for 50 ns. Snapshots
taken every 10 ps.

• No pre-processing of data the data:
x(i) are the Cartesian coordinates of
all atoms in the system.
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Numerical illustration - Alanine dipeptide
mschoeberl@gmail.com

Characteristic conformations of the ALA-2 peptide

β-1 β-2

α

β-2β-1

Figure 3: Characteristic conformations (α, β-1, β-2) and their labelling as used in the
sequel.
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Numerical illustration - Model specification
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Auto-Encoding Variational Bayes
According [Kingma and Welling (2013)] .

q(x|θ) =
∫

q(x|z;θ) q(z) dz

Mapping z→ x (decoder):

q(x|z;θ) = N (µ(z;θ), Sθ = diag(σ2
θ)).

With,

• µ(z;θ) output of fully connected decoding neural network.
• σ2

θ independent of z due to [Mattei and Frellsen (2018)] .

• Proposed model does not pre-assume any physical insight.
• No a priori assumption or data pre-processing needed.
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Numerical illustration - Model specification
mschoeberl@gmail.com

Auto-Encoding Variational Bayes

q(x|θ) =
∫
q(x|z,θ) q(z|θ) dz

We assume CVs are normal distributed according,

q(z) = N (0, I).

• Here: dim(z) = 2.
• Explore assigned meaning of CVs given dim(z) = 2.
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Numerical illustration - Model specification
mschoeberl@gmail.com

Auto-Encoding Variational Bayes
The approximate posterior is of the following form,

r(z|x;ϕ) = N
(
µ(x;ϕ), Sϕ = diag(σ(x;ϕ)2)

)
.

With,

• µ(x;ϕ) and σ2(x;ϕ) described by a fully connected encoding
network.

• Last layers separate into µ(x;ϕ) and σ2(x;ϕ).
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Numerical illustration - Prediction of atomistics
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Prediction of atomistic configurations for {z|z1 = [−4, 4], z2 = 0}

Figure 4: CVs are highly correlated with the
dihedral angles (ϕ, ψ).

Figure 5: Mean prediction x = µθ(z) of
decoder qθ(x|z), given
{z|z1 = [−4, 4], z2 = 0}.
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Numerical illustration - Physical interpretation
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Identified CVs show high correlation to known optimal description,
the dihedral angles (ϕ, ψ)
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Figure 6: Predicted dihedral angles (ϕ, ψ) given the
latent variables z ∈ [−4, 4]2 .

• Discovered CVs z: Map to
the (ϕ, ψ) angles.

• Note, instead of having a
distinct (ϕ, ψ) value, we
obtain a distribution of
CVs implied by rϕ(z|x).
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Overview - Data-driven coarse-graining
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Objective utilizing data x(i) ∼ ptarget(x)

min
q(x)

DKL (ptarget(x)||q(x)) ≤ −Er(z|x) [log q(x, z|θ)− log r(z|x;ϕ)]

Trade-off

✓ Revealing latent lower-dimensional embedding.

✓ Generative model, throughout Bayesian
formulation feasible.

× Explorative capabilities are limited.

× Biased data-based approximation of ptarget(x)
(e.g. unseen modes) yields biased models.

× Biased predictions without being aware of it.
16
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Embedded-Physics learning - Objective
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Incorporate available physics of ptarget(x)
Instead of the forward KL-divergence,

min
q(x)

DKL(ptarget(x)||q(x)) = min
q(x)

[
−
∫

ptarget(x) log
q(x)

ptarget(x)
dx

]
,

“flip” the distance measure:

min
q(x)

DKL(q(x)||ptarget(x)) = min
q(x)

[
−
∫

q(x) log
ptarget(x)
q(x) dx

]
.
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Incorporate available physics of ptarget(x)
Instead of the forward KL-divergence,

min
q(x)

DKL(ptarget(x)||q(x)) = min
q(x)

[
−
∫

ptarget(x) log
q(x)

ptarget(x)
dx

]
,

“flip” the distance measure:

min
q(x)

DKL(q(x)||ptarget(x)) = min
q(x)

[
−
∫

q(x) log
ptarget(x)
q(x) dx

]
.

• Forward KL-divergence involves expectations with respect to ptarget(x) →
Requires data.

• Reverse KL-divergence: Evaluate log ptarget(x) (i.e. evaluate U(x)) at
samples x(i) ∼ q(x).

• Problem independent and explorative CG approach. 17



Embedded-Physics learning
mschoeberl@gmail.com

The objective

min
q(x)

DKL(q(x)||ptarget(x)) = min
q(x)

[
−
∫

q(x) log
ptarget(x)
q(x) dx

]

How to model q(x)?

• Hierarchical Variational Models [Ranganath et al. (2016)]

q(x) =
∫
q(x|z)q(z)dz.

with an expressive probabilistic mapping q(x|z).
✓ Hierarchical extension facilitates the construction of an

expressive q(x).
✓ Inference is feasible by bounding the objective. 18



Inference and learning
mschoeberl@gmail.com

Remarks on the objective

min
q(x)

DKL(q(x)||ptarget(x)) = max
q(x)

[∫
q(x) log ptarget(x)q(x) dx

]
︸ ︷︷ ︸

L

Consider a parametrization θ:

L(θ) = Eq(x;θ) [log ptarget(x)− log q(x;θ)]

• Eq(x;θ) [log ptarget(x)] tractable if we can sample from q(x;θ).
• −Eq(x;θ) [log q(x;θ)] is the entropy of q(x;θ), H(q(x;θ)).

• It comprises an integration with respect to z: q(x) =
∫
q(x|z)q(z) dz

• In general not analytically tractable.
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Remarks on the objective

min
q(x)

DKL(q(x)||ptarget(x)) = max
q(x)

[∫
q(x) log ptarget(x)q(x) dx

]
︸ ︷︷ ︸

L

Consider a parametrization θ:

L(θ) = Eq(x;θ)
[
log ptarget(x)− log q(x;θ)

]

• Eq(x;θ) [log ptarget(x)] tractable if we can sample from q(x;θ).
• −Eq(x;θ) [log q(x;θ)] is the entropy of q(x;θ), H(q(x;θ)).

• It comprises an integration with respect to z: q(x) =
∫
q(x|z)q(z) dz

• In general not analytically tractable.

Construct a tractable (lower-)bound on −Eq(x;θ) [log q(x;θ)].
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Inference and learning
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Lower bound the entropy H(q(x;θ))

−Eq(x;θ) [log q(x;θ)] = −Eq(x;θ)

log q(x;θ) + DKL (qP(z|x)||qP(z|x))︸ ︷︷ ︸
=0



−Eq(x;θ) [log q(x;θ)] ≥ −Eq(x,z;θ) [log q(z) + log q(x|z)− log r(z|x)]

20



Embedded-Physics learning
mschoeberl@gmail.com

Tractable objective
By employing the entropy bound derived before in

L(θ) = Eq(x;θ) [log ptarget(x)− log q(x;θ)] ,

we obtain a tractable lower-bound for the variational approach with,

L̃(θ,ϕ) = Eq(x,z;θ)
[
log ptarget(x) + log r(z|x;ϕ)− log q(x|z;θ)− log q(z;θ)

]
.

Proposed approach does not require any data and any physical
insight - but learns from the potential energy and the force field

21



Embedded-Physics objective
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How to connect the objective with the physics, e.g. the atomistic
potential U(x)?
With ptarget ∝ −βU(x):

L̃(θ,ϕ) = −βEq(x,z;θ)
[
U(x)

]
+ Eq(x,z;θ)

[
log r(z|x;ϕ)− log q(x|z;θ)− log q(z;θ)

]
= −βEq(x,z;θ)

[
U(x)− 1

β
log r(z|x;ϕ)︸ ︷︷ ︸

Ũ(x,z)

]
+H(q(x, z|θ))
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Embedded-Physics objective
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How to connect the objective with the physics, e.g. the atomistic
potential U(x)?
With ptarget ∝ −βU(x):

L̃(θ,ϕ) = −βEq(x,z;θ)
[
U(x)

]
+ Eq(x,z;θ)

[
log r(z|x;ϕ)− log q(x|z;θ)− log q(z;θ)

]
= −βEq(x,z;θ)

[
U(x)− 1

β
log r(z|x;ϕ)︸ ︷︷ ︸

Ũ(x,z)

]
+H(q(x, z|θ))

Maximization of L̃(θ,ϕ) as balance between:

• Minimization of the averaged (joint) potential energy Ũ(x, z).
• Maximization of the entropy of the generative model
H(q(x, z|θ)).
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Embedded-Physics objective - Training
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Gradient estimation of the term involving U(x)

L̃(θ,ϕ) = Eq(x,z;θ)
[
−βU(x) + log r(z|x;ϕ)− log q(x|z;θ)− log q(z;θ)

]
.

Consider q(x|z;θ) = N (µθ(z), Sθ(z)) and q(x) = N (0, I)

∂

∂θ

⟨
⟨−βU(x)⟩q(x|z;θ)

⟩
q(z)

23



Embedded-Physics objective - Training
mschoeberl@gmail.com

Gradient estimation of the term involving U(x)

L̃(θ,ϕ) = Eq(x,z;θ)
[
−βU(x) + log r(z|x;ϕ)− log q(x|z;θ)− log q(z;θ)

]
.

Consider q(x|z;θ) = N (µθ(z), Sθ(z)) and q(x) = N (0, I)

∂

∂θ

⟨
⟨−βU(x)⟩q(x|z;θ)

⟩
q(z)

• Estimator highly affected by noise.
• Reparametrize x by auxiliary random variable ϵ and
differentiable transformation g(ϵ; z):

x(ϵ; z) = gθ(ϵ; z)
= µθ(z) + σθ(z)⊙ ϵ with p(ϵ) = N (0, I).
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Gradient estimation of the term involving U(x)

L̃(θ,ϕ) = Eq(x,z;θ)
[
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]
.

∂

∂θ

⟨
⟨−βU(x)⟩q(x|z;θ)

⟩
q(z)

=

⟨⟨
−β

∂U(x(ϵ; z))
∂θ

⟩
p(ϵ)

⟩
q(z)

=

⟨⟨
−β

∂U(x(ϵ; z))
∂x

∂x(ϵ; z)
∂θ

⟩
p(ϵ)

⟩
q(z)

=

⟨⟨
β F(x(ϵ; z))︸ ︷︷ ︸
Atomistic force-field

∂x(ϵ; z)
∂θ

⟩
p(ϵ)

⟩
q(z)
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Embedded-Physics objective - Training
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Learning by evaluating U(x) and F(x)
Gradient estimation involves the evaluation of the force field F(x)
at configurations x(i) ∼ q(x), not the simulation of ptarget(x).
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Numerical illustration - Double well
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Target distribution
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Figure 7: Reference histogram
obtained by importance sampling.

ptarget(x) ∝ e−βU(x)

with β = 1 and,

U(x1, x2) =
1
4ax

4
1 −

1
2bx

2
1 + cx1 +

1
2dx

2
2.

• Bistable in x1 and harmonic in x2.
• Two distinct modes, one less
pronounced.

• Random-walk MCMC is not able
to capture both modes properly.
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Numerical illustration - Double well
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Model details
Three components to specify:

1. Latent representation:

q(z) = N (0, I)

2. Probabilistic decoder:

q(x|z;θ) = N (µθ(z), Sθ = diag(σ2
θ(z)))

3. Probabilistic encoder:

r(z|x;ϕ) = N (µϕ(x), Sϕ = diag(σ2
ϕ(x)))

25
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Model details
Three components to specify:

1. Latent representation:

q(z) = N (0, I)

2. Probabilistic decoder:

q(x|z;θ) = N (µθ(z), Sθ = diag(σ2
θ(z)))

3. Probabilistic encoder:

r(z|x;ϕ) = N (µϕ(x), Sϕ = diag(σ2
ϕ(x)))

Training details

• Tempering during training is
employed, initially start with
βs = 1e − 10 and
p̄target(x) ∝ e−βsU(x).

• Convergence with βs.
• Increase βs such that
DKL(q(x, z)||p̄(x, z)) does not
exceed a threshold.

• Repeat until βs = β.
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Numerical illustration - KL-divergence bounds
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Bounds of the KL-divergence
and predictions during
training
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Figure 8: Upper- and lower bound of
the training objective.
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Numerical illustration - Prediction
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Predictive distribution q(x) =∫
q(x|z)q(z)dz

Figure 10: Target (left) and prediction
(right) during learning.

Potential energy (e.g. at x2 = 0)

Figure 11: Reference potential energy U(x)
and potential energy estimated by
predictive distribution
Up(x) ∝ − 1

β
log q(x) (noisy) at {x|x2 = 0}

27



Numerical illustration - Prediction
mschoeberl@gmail.com

Predictive distribution q(x) =∫
q(x|z)q(z)dz

Figure 10: Target (left) and prediction
(right) during learning.

Potential energy (e.g. at x2 = 0)

Figure 11: Reference potential energy U(x)
and potential energy estimated by
predictive distribution
Up(x) ∝ − 1

β
log q(x) (noisy) at {x|x2 = 0}

27



Numerical illustration - Prediction
mschoeberl@gmail.com

Predictive distribution q(x) =∫
q(x|z)q(z)dz

Figure 10: Target (left) and prediction
(right) during learning.

Potential energy (e.g. at x2 = 0)

Figure 11: Reference potential energy U(x)
and potential energy estimated by
predictive distribution
Up(x) ∝ − 1

β
log q(x) (noisy) at {x|x2 = 0}

27



Numerical illustration - Prediction
mschoeberl@gmail.com

Predictive distribution q(x) =∫
q(x|z)q(z)dz

Figure 10: Target (left) and prediction
(right) during learning.

Potential energy (e.g. at x2 = 0)

Figure 11: Reference potential energy U(x)
and potential energy estimated by
predictive distribution
Up(x) ∝ − 1

β
log q(x) (noisy) at {x|x2 = 0}

27



Numerical illustration - Prediction
mschoeberl@gmail.com

Predictive distribution q(x) =∫
q(x|z)q(z)dz

Figure 10: Target (left) and prediction
(right) during learning.

Potential energy (e.g. at x2 = 0)

Figure 11: Reference potential energy U(x)
and potential energy estimated by
predictive distribution
Up(x) ∝ − 1

β
log q(x) (noisy) at {x|x2 = 0}

27



Numerical illustration - What do we learn?
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What CVs are learned (without MD data)?
Latent embedding

Figure 12: Reference samples encoded
in the latent space.

CV-values z for predicted x

Figure 13: Samples x(i) ∼ q(x;θ)
encoded with r(z|x;ϕ). Color of scatter
indicate CV-values.
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What CVs are learned (without MD data)?
Latent embedding

Figure 12: Reference samples encoded
in the latent space.

CV-values z for predicted x

Figure 13: Samples x(i) ∼ q(x;θ)
encoded with r(z|x;ϕ). Color of scatter
indicate CV-values.

Without using data, one is able to learn CVs capturing
multi-modality.
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Numerical illustration - Alanine dipeptide
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Significant modes for ALA-2

β-1 β-2

α

β-2β-1

Figure 14: Reference modes

• What are relevant CVs of the system?
• The identification without data
would facilitate the construction of
enhanced sampling methods or
biasing potentials.

• Data-driven approach: How to
produce data accompanying whole
configurational space while not
being able to sample properly?
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Numerical illustration - Alanine dipeptide
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Latent representation and prediction

Figure 15: Latent representation of reference samples from multiple configurations
(left). Predicted atomistic configurations (right), given the CV as indicated left.
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Numerical illustration - Alanine dipeptide
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Latent representation and prediction

Figure 15: Latent representation of reference samples from multiple configurations
(left). Predicted atomistic configurations (right), given the CV as indicated left.

Can we learn characteristics just by evaluating the force-field?
Characteristics (correlated to ϕ− ψ angles) are learned and yield
atomistic configurations.
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Summary
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Data-Driven

DKL (ptarget(x)||q(x))

• Robust framework of CG in
small data regime.

• Requires data from different
modes.

• Generative approach.

• Quantification of epistemic
uncertainty.

Embedded-Physics

DKL (q(x)||ptarget(x))

• Generative approach.

• No physical insight
presumed. Instead: reveal
insight while learning.

• Explorative capabilities - no
data required.

• Problem independent as long
as force-field is accessible.

Outline

• Uncertainty quantification for variational approach.

• Mixed formulation:

F(ϕ,θ) = αDKL (ptarget(x)||q(x)) + (1− α)DKL (q(x)||ptarget(x))

• Enhanced sampling based on mixed formulations and the estimation of
optimal biasing potentials.

31



Thank you!
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Numerical illustration - Model specification
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Encoding network
Linear layer Input dimension Output dimension Activation layer Activation function

l(1)ϕ dim(x) d1 a(1) SeLu1

l(2)ϕ d1 d2 a(2) SeLu
l(3)ϕ d2 d3 a(3) Log Sigmoid 2

l(4)ϕ d3 dim(z) None -
l(5)ϕ d3 dim(z) None -

Table 1: Network specification of the encoding neural network with d1 = 50, d2 = 100,
and d3 = 100.

Decoding network
Linear layer Input dimension Output dimension Activation layer Activation function

l(1)θ dim(z) d3 ã(1) Tanh
l(2)θ d3 d2 ã(2) Tanh
l(3)θ d2 d1 ã(3) Tanh
l(4)θ d1 dim(x) None -

Table 2: Network specification of the decoding neural network with d{1,2,3} as defined
in Table 1.
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Numerical illustration - Predictive CVs
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• Predictions accounting for uncertainty in θ, with θ ∼ p(θ|X).
• Metropolis-within-Gibbs sampler [Mattei and Frellsen (2018)] corrects
usage of approx. posterior qϕ(z|x).

We illustrate this by computing the radius of gyration (Rg) [Fluitt and

de Pablo (2015); Carmichael and Shell (2012)] given as,

aRg(x) =

√∑
pmp||xp − xCOM||2∑

pmp
.

• The sum considers atoms p = 1, . . . ,P.
• mp and xp denote the mass and the coordinates of each atom,
respectively.

• xCOM denotes the center of mass of the peptide.
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Numerical illustration - Predictive CVs
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• Predictions accounting for uncertainty in θ, with θ ∼ p(θ|X).
• Metropolis-within-Gibbs sampler [Mattei and Frellsen (2018)] corrects
usage of approx. posterior qϕ(z|x).
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(a) N = 50.
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(b) N = 200.
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Figure 16: Predicted radius of gyration with dim(z) = 2 for various sizes N of the
training dataset. The reference solution (black) is estimated by N = 10000. The
shaded area represents the credible interval, reflecting the induced epistemic
uncertainty from the limited amount of training data.
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Numerical illustration -Model selection for neural networks
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Motivation

• How to avoid overfitting?
• How many θs are actually required?
• Can one search across models?

Sparsity-enforcing hierarchical prior (ARD, [MacKay 1994] )
p(θ|τ ) =

∏
j p(θj|τj)

θj ∼ N (0, τ−1j )

τj ∼ Gamma(a0,b0)

• Inner EM framework:
• E-step: Estimate < τj >p(τj|θj)=

a0+1/2
b0+θ2j /2

• M-step: Additive component to the derivative of the log-likelihood:
∂

∂τc,j
= − < τj > θj
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Numerical illustration -Model selection for neural networks
mschoeberl@gmail.com

Sparsity prior alleviates learning physically meaningful CVs given
low data (e.g. N=50)
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(a) Active ARD prior.
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Figure 17: Representation of the z-coordinates of the training data X with N = 50 in
the CV space (yellow diamonds). Using the trained model and the mean of qϕ(z|z) we
computed the z-coordinates of 1527 test samples corresponding to different
conformations of the alanine dipeptide to α (black), β-1 (blue), and β-2 (red).
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Inference and learning
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Lower bound the entropy H(q(x;θ))

−Eq(x;θ) [log q(x;θ)] = −Eq(x;θ)

log q(x;θ) + DKL (qP(z|x)||qP(z|x))︸ ︷︷ ︸
=0
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Lower bound the entropy H(q(x;θ))

−Eq(x;θ) [log q(x;θ)] = −Eq(x;θ)

log q(x;θ) + DKL (qP(z|x)||qP(z|x))︸ ︷︷ ︸
=0


≥ −Eq(x;θ) [log q(x;θ) + DKL (qP(z|x)||r(z|x))]
= −Eq(x;θ)

[
EqP(z|x) [log q(x;θ) + log qP(z|x)− log r(z|x)]

]
.
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